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The properties of distance measures for the quantification of nonclassical properties will be studied. 
An ordering of quantum states will be introduced which relies on the basic algebraic definition 
of classical states. The classical manipulations of quantum states will be considered to further 
generalize the ordering. Our order method can be used for a quantification of nonclassicality in a 
natural way. We apply this method to introduce a nonclassicality measure, which is based on the 
fundamental quantum superposition principle. 

PACS numbers: 02.40.Ft, 03.65. Fd, 03.67.-a, 42.50.-p 



I. INTRODUCTION 

Characterizing the differences between quantum 
physics and classical physics is of fundamental interest 
for understanding of the quantumness of nature. Usu- 
ally there are quantum counterparts of classical physics, 
such as the coherent states in the system of the harmonic 
oscillator, or factorizable quantum states in the field of 
quantum entanglement. These pure counterparts can be 
generalized to mixed quantum states via a classical mix- 
tures of these pure ones. Thus, we obtain the convex 
set of states having classical counterparts with respect to 
some physical properties to be specified. 

In general, it is of great interest to compare the non- 
classicality of different physical states. For the compar- 
ison, an ordering procedure is required. The standard 
approach is given in terms of measures for quantifying 
the amount of nonclassicality of a given state. 

In the system of the harmonic oscillator one of the early 
attempts to quantify the amount of nonclassicality - in 
terms of coherent states - has been given by the trace- 
distance of an arbitrary state from the set of all nonclas- 
sical states [TJ [5] . This led to a number of nonclassicality 
measures based on distances, e.g. Hilbert-Schmidt-norm 
based measures [3j H] , or the Bures distance [5] . Another 
approach is based on the Fischer information [BJ, which 
can be related to the distance based ones. 

Some measures consider the arising negativities of the 
P function for nonclassical states. A quantifier is the 
amount of Gaussian noise which is needed for the elimina- 
tion of negativities within the P function [THS]- Whereas, 
the negativities of the Wigner function itself are also used 
for the quantification of nonclassicality |10j . 

Another method for the quantification of a nonclassical 
state is given via the potential of this state to generate 
entanglement [11 . This transfers the quantification of 
nonclassicality of the harmonic oscillator to the quan- 
tification of entanglement, which has the same type of 
problems. The axiomatic definition of an entanglement 
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measure is given in [T^rll4) . This definition is based on 
so called local operations and classical communications. 
They map separable quantum states to separable ones. 
Under all examples of entanglement measures, there is 
one which is of particular interest for our considerations: 
the Schmidt number |15j . We have studied some prop- 
erties of this entanglement measure in relation to other 
measures [IB] . 

Recently, it has been proposed to connect the amount 
of nonclassicality with a distinct quantum operation. 
This leads us to so called operational measures for en- 
tanglement and nonclassicality [161 117] , quantifying the 
usable amount of entanglement and nonclassicality, re- 
spectively. In this formally nonclassical state can 
have no usable nonclassicality, if this state cannot be ap- 
plied for the given quantum operation. The mentioned 
entanglement potential would also be a measure of such 
a type. 

In the present contribution we consider the ordering 
of quantum states with respect to an arbitrary classical 
property. It shows that distance measures are, in gen- 
eral, not completely suitable for ordering quantum states 
unambiguously. Starting from the algebraic definition of 
convex sets we introduce and study an order which does 
not dependend on a distinct topological distance. We 
expand this method to include classical manipulations of 
the quantum state in an experiment, and classical noise 
effects. The ordering procedure delivers a quantification 
in a natural way. We obtain nonclassicality measures, 
with respect to the considered classical property. We 
apply this method to a basic example, showing the im- 
portance of the quantum superposition principle for the 
quantification of nonclassical effects. 

The paper is structured as follows. In Sec. [TT] we mo- 
tivate our treatment with an elementary example for the 
ambiguous ordering of quantum states by distance mea- 
sures. An unambiguous ordering method will be pro- 
posed in Section [TTT| In Sec. |IV| we consider classical op- 
erations to generalize the ordering. We introduce an ax- 
iomatic quantification of quantumness, and we study a 
measure counting the number of nonclassical superposi- 
tions in SeclVl A summary and some conclusions are 
given in Sec. |VI| 
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II. MOTIVATION FOR ORDERING QUANTUM 
STATES 



Let us denote with Q the convex set of all (pure and 
mixed) quantum states. Let us consider a closed and 
convex subset C C Q. Further on, let us assume that 
the elements of C have somehow classical properties (e.g. 
they are either separable states, or coherent states, etc.). 
Therefore we call an element 7 g C classical. The general 
task is to find the amount of nonclassicality of arbitrary 
quantum states p G Q. 



The distances d Ai (y,C) — inf xe c ||Ai(?/ — x)||2 can be cal- 
culated as 



i = l: d Al (y 1 ,C) 
i = 2: d A2 (y 1 ,C) 
i = 3: d A3 (yi,C) 
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<4i(2/3,C), (7) 
d A2 (y 3 ,C), (8) 



For any < e < 1 the choice of the norm dramatically 
influences the amount of nonclassicality. 



Distance Measures 



Formulation of the Problem 



A natural way of ordering quantum states is given by 
the distance of these states to the set of classical states 
C. Here we will show that ordering quantum states by 
a distance cannot deliver a distinct order of states. This 
problem already occurs for very elementary examples. 
Let us assume the two dimensional, convex subset C of a 
vector space V, with 



xeV : \\x\\ 2 < 



Now let us consider two elements y\ 
1) T and the distance d p , with 



d p (y,C) = inf \\y 



1 



(1) 



(1,0) T and y 2 



(2) 



For all p-norms (see Appendix|A| the optimal distance for 
?/i and y 2 is given for the classical vectors x\ = |(1,0) T 
and x\ = ^7^(1 , 1) T , respectively. Thus we can calculate 
dp (yi, C) and d p (y 2 ,C) for different values of p, 

p = 2: d 2 (y ll C) = ^ = ^=d 2 (y 2 ,C), (3) 
p=l: d 1 (y 1 ,C) = ^<^==d 1 (y 2 ,C), (4) 
p = oo: d OD (y ll C) = ^> ^==d OQ {y 2 ,C). (5) 

This result displays the ambiguity of a quantification of 
nonclassicality with distance measures. 

Let us consider a second example showing this prob- 
lem. Therefore we study the 2-norm and some linear 
maps Ai, see Appendix [A] The first nonclassical clement 
is again yi with the closest classical point X\ G C. The 
second point is j/3 = 1(0, 1 + e) T (0 < e < 1) together 
with the closest classical point x% = |(0, 1) G C. Now let 
us consider three maps, 



Ai = 



1 
1 



A 2 = 



1 

1/e 



, A 2 = 



e 
1/e 



(6) 



Ordering quantum states with respect to a certain 
norm, can be usable for certain quantum tasks only. In 
this case the norm represents somehow the potential to 
solve the given task. However, the properties of the cho- 
sen norm influences the quantification. This ordering is 
not strict in a way, that it only depends on the definition 
- the inherent physical property - of the classical set C. 
But the general motivation was, to comepare the nonclas- 
sicality of quantum states, which should be independent 
of the application of these states. 

In Fig. [T an analogous situation of Eqs. (B - |5| is 
given. In addition, in Fig. [2] the result of Eqs. ([7| - M is 
shown. It becomes clear, that the choice of the norm has 
a fundamental influence on the amount of nonclassical- 
ity. For one norm both states have an equal amount of 
nonclassicality. Another norm delivers that one state is 
more nonclassical then the other one. However, from the 
the third norm we draw the contrary conclusion. Such 
an example can be constructed for arbitrary convex sets 
and arbitrary norms. 

In the following we want to order quantum states, with 
respect to the classical states represented by C. The clas- 
sical statistical mixture of quantum states will be used 
for a direct ordering procedure. Afterwards we want to 
quantify this order. 



C. The Role of the Normalization 

Now we want to consider the normalization. It is more 
convenient to use the following sets, 



Q' ={\p:X>0Ape Q}, 
C ={Xp:\> OA peC}. 



(10) 
(11) 



The sets Q' and C represent the unnormalized quantum 
states and the classical states, respectively. According to 
these definitions, an element p^ is element of C , if it can 
be written as a positive (Ai,A2 > 0) linear combination 
of elements pi, p 2 G C, 



p3 = + X 2 p 2 . 



(12) 
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FIG. 1: (color online) The dark gray area represents C, and 
the both gray areas Q. The upper point represents y\ , the 
other one represents 1/2 . The blue circles are the spheres in 
2-norm. The equal size of them shows that both points have 
an equal 2-norm-distance from the classical states. 
The green squares represent the spheres around the consid- 
ered points in 1-norm. In the case of the 1-norm, the square 
around 7/2 is larger than those around y\. Whereas for the 
oo-norm spheres (red squares) the relation is the other way 
around. 
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FIG. 2: (color online) Transforming distances || • || can be 
alternatively performed by a linear operation A: || • ||a = 
||A(-)||. In the considered case A represents a scaling. Again, 
for different Ai-norms, || ■ ||a 4) we obtain a different ordering 
with respect to the chosen distance. 



This linear combination is given by neither normalized 
states nor in a convex form. However, it can be written 
in such a form. With tr p 3 = Aitr p± + A2tr p 2 , we obtain 



Aitrpi 



Pi 



P3 = 

tr p 3 \ 1 trp 1 + A 2 tr p 2 tr p x Aitr p x 



A 2 tr pi 



P2 



A 2 tr p 2 tr p 2 
(13) 



This is obviously a convex combination of normalized 
states. Therefore we can neglect without any loss of gen- 
erality the normalization of the quantum states and per- 
form the normalization at the end of our treatment. 



III. ORDERING QUANTUM STATES 

The convex set C is given by an algebraic definition, 

p, p e c a a e [0, 1] => \ P + (1 - \)p e c. (14) 

This means, if we consider a classical statistical mixture 
of arbitrary classical states, we obtain a classical state. 
The question whether p is an element of the convex set 
C, or not, is independent of any choice of the distance. 
Therefore, we consider an ordering procedure based on 
the definition of the convex set itself given in Eq. ( 14 ) . 



We start with a preorder relation X, which is based on 
the convex structure of C. 

Definition 1 Two quantum states p, p' £ Q can be com- 
pared by 

P d p' 3 7 e C 3X e [0, 1] : p = Xp' + (1 - A) 7 . 

This means a quantum state p has less or equal nonclassi- 
cality compared with another state p' , if p can be written 
as a classical statistical mixture of p' and a classical state 
7. Let us prove, that this relation fulfill the requirements 
of a preorder. 

Proof ^ is reflexive, p = lp + (1 — 1)7 => p ■< p. 
^ is transitive, p\ -< p 2 and p 2 -< pz'- 



Pi = Ap 2 + (1 - A) 7 i A p 2 = np 3 + (1 
pi = \np 3 + (1 - Ak)7 3 , 

1-A 



K)72 



Mi - «0 

with 73 = — — 72 -1 

1 — \k 

A(1-k) 1-A 



and 



1-Xk 
Pi r< Ps- 



l-\h 



1 - 

= 1 



Ak 



Note that for k = 1 or A = 1 the relation is trivial. Thus, 
^ is a preorder. ■ 
For obtaining p from //, the value of A in general de- 
pends on the choice of 7. Thus, A is not a suitable quan- 
tifier of the amount of nonclassicality. For generating 
an order from the preorder ^, we consider the following 
equivalence 

Definition 2 Two quantum states p, p' € Q have the 
same order of nonclassicality, 

p = p'<^p<p'l\p'<p. 

Let us proof the equivalence relation properties. 

Proof = is reflexive p ■< p A p ■< p. 
= is symmetric, p<p'hp'<p-^p'<php<p'. 
= is transitive, 

Pi — Pi A p 2 = p 3 

Pi r< P2 A p 2 -< pi A p 3 ^ p 2 A p 2 ^ p 3 

using the transitivity of ^, we obtain 
Pi ^ P3 A p 3 ^ p\. 
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Thus, = is an equivalence relation. ■ 
With respect to the equivalence =, the ;< preorder 
given in Definition [T] becomes an order. The missing 
property is that ^ must be antisymmetric, 

P<p'Ap'<P^P = p\ (15) 

which is true, cf. Definition[2j Thus, we have constructed 
in a rigorous mathematical way an order ^ of nonclassical 
quantum states. 

Lemma 1 All classical states have a minimal and equal 
order, 

jeCApeQ^jdiP, 

7, 7' € C =>■ 7 = 7'. 

Proof From 7 = 0p+ (1 — 0)7 and Definition[I]follows 
7 -< p. Using this property we find for all classical states 
7, 7' <E C: 7 ^ 7' A 7' ^ 7, and therefore 7 = 7'. ■ 

The Definitions [l] and [2] provide an order of nonclas- 
sical quantum states, which is only based on the convex 
structure of C. After a mixture of a quantum state with 
a classical one, the resulting state cannot become more 
nonclassical than the previous one, cf. Fig. [3] Further 
on, in Lemma [l] it has been shown that this order deliv- 
ers that all classical states have the same and minimal 
nonclassicality. The mixing property and the minimality 
property of classical states are essential for any quantifi- 
cation of nonclassicality. 




FIG. 3: (color online) The inner green area represents C, and 
the complete colored area represents Q. Let us consider an 
arbitrary nonclassical element p. All elements p\ of the red 
(triangular) area above p fulfill: p ^ pi- All elements p2 of 
the green and blue area below p fulfill: p2 ^ p. 



IV. CLASSICAL OPERATIONS 

Usually a quantum state can be transformed in an ex- 
periment into another one. Beyond the experimentalists 
influence, we have to consider the evolution in time and 
noise effects. Thus we have to consider linear operations 



which influence our state. Such operations with a classi- 
cal counterpart must not increase the nonclassical quan- 
tum nature of the states under study. 

Some quantum effects should have a classical coun- 
terpart, for example thermal noise. Therefore, we may 
study transformations mapping classical states onto each 
other. 

Definition 3 We call a linear operation A a classical 
one, if 

v 7 e c : A( 7 ) e c. 

The set of all classical operations A is denoted as CO. 

Lemma 2 The set CO is convex and a semi-group. 

Proof The convexity follows from the linearity of the 
operation space together with the convexity of the set of 
classical states, 

(AA X + (1 - A)A 2 )( 7 ) = A A x ( 7 ) +(1 - A) A 2 ( 7 ) G C. 

ec ec 

The semi-group property is given by 

Ai, A 2 e C : (Ai o A 2 )( 7 ) =Ai(A 3 (7)) G C, 
Id( 7 ) =7 G C, 

with the identical operation Id(p) = p. I 
These classical operations can be implemented by ex- 
perimental setups, which transform a classical state to 
a classical one. This could be done by any interaction 
evolving a classical state to a classical one, or by mixing 
with classical noise (losses). For special quantum tasks 
it may be useful to consider only sub-semi-groups of CO, 
for example one-way classical communications for entan- 
glement. 

We intended to transform classical states to classical 
ones. Now we have to check, that these classical opera- 
tions do not change the previously defined order. There- 
fore we formulate the following theorem. 

Theorem 1 Conservation of Nonclassicality un- 
der Classical Operations 

(i) A classical operation does not change the order, 

P±p'^A(p)±A(p'). 

(ii) Mixing a quantum state with a classical one, is a 
classical operation. 

Proof For (i) let us consider two states with p di p' 
and a classical operation A, 

p =Xp' + (1 - A) 7 
=>A(p) =AA(p') + (l-A)A( 7 ). 

Together with A(7) g C and Definition [l] we obtain (i). 
For (ii) we consider that a state p is mixed with a classical 
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state 7, A G [0, 1], 

p' = Ap+(l-A) 7 

= Ald(p) + (1 - A)(trp) 7 

= [AId+(l-A)(tr-) 7 ] (p)=A(p). 

The identical transformation Id and (tr-)7 are classical 
((tr 7 ')7 G C), and the convex structure of CO implies 
that A is a classical operation. ■ 
This means classical operations are compatible with 
the order <, and they cannot increase the nonclassicality. 
The experimental interpretation of these operations have 
been given. Therefore, the order given in Definition[T]can 
be generalized by using Theorem [T] 

Definition 4 Nonclassicality Order (NO) A quan- 
tum state p has a lower or equal order of nonclassicality 
than the state p 1 , p -< p' , iff 

3A e CO : p = A(p'). 

Condition (ii) in Theorem [l] proves that the NO includes 
the previous Definition [T] In addition, the Definition [4] 
delivers that all quantum states below a given state p can 
be written as A(p) for a classical operation A. Therefore 
it simply follows 

Hp) d p- (16) 

Now we want to study further properties of classical 
operations. A subgroup of CO are classical invertables 
C0_i, defined by 

A g CO-i o Ae CO A 3A _1 e CO. (17) 

These are classical operations which can be inverted, and 
the inverse is again a classical operation. This group 
always exists, since the identical transformation is its own 
inverse, Id G CO-\. The importance of this group is that 
the elements deliver quantum states with an equivalent 
order. Let us assume a classical invertable A G CO-\ 
and an arbitrary state p G Q. It follows from p' = A(p) 
that p = A^ 1 (p'). Together with the Definitions [2] and [J] 

P d: p' A p' d: P & P = P' ■ (18) 

With the group CO-\ it is possible to identify quantum 
states with an equal NO with respect to C. 

Lemma 3 All quantum states p, p' G Q - given by p' — 
A(p) and A G C0_i - have an equal NO, p = p'. ■ 



V. AXIOMATIC QUANTIFICATION OF 
NONCLASSICALITY 

So far, we have introduced the NO. Therefore we have 
considered an arbitrary classical property of the quantum 
system given by the set C, which is closed under classical 
statistical mixtures. The question of the quantification 
has not been studied yet. In the following, let us quantify 
the NO in a natural way. 



A. Quantification of the Nonclassicality Order 

Using the NO, we can properly define measures. This 
means we can introduce functions, which quantify the 
nonclassicality of arbitrary quantum states based on the 
NO. Such a measure must fulfill the following axioms. 

Definition 5 A function p : Q — > [0, 00] is a non- 
classicality measure, if 

(i) p(p) = <S> p G C, 

(ii) p d p' p(p) < p(p')- 

Thus the definition requires, that the measure quantifies 
the ordering, which is given by the algebraic NO d ■ From 
condition (ii) follows, 

p(p) > p(A(p)), (19) 

with the classical operation A. In the case of entangle- 
ment Definition[5]is equivalent to the axiomatic definition 
of entanglement measures [121114] . 

Further on it follows, that equally ordered quantum 
states, p = p', have an equivalent amount of nonclassi- 
cality, 

P < P A p 1 < p /i(p) < p(p') A p(p') < p(p). (20) 

Due to the fact that Definition [5] is based on the defi- 
nition of the NO, this quantification does not need ad- 
ditional axioms to be justified. Alltogether the quan- 
tification of quantum states with nonclassical properties 
has been done only by the most elementary definition of 
convexity and the physical need for classical transforma- 
tions. Moreover we did not make any further assumption 
about the classical property itself. For practical use, we 
have simply demanded that the property is closed under 
classical mixing (convexity property of C). 

B. Nonclassicality Measure based on the Quantum 
Superposition Principle 

As an example, in the following we will consider a 
nonclassicality measure which relies on the quantum su- 
perposition principle, which is the origin of the most 
fundamental differences between classical and quantum 
physics. Let us consider the set Cq of pure classical states, 
|c) G Cq. The elements of the convex set C of all classical 
states are given by 

7= f dP cl (c)\c){c\, (21) 

with a classical probability distribution P c \. The classical 
states are statistical mixtures of pure classical states. For 
nonclassical states, P does not fulfill the requirements of 
a probability distribution. This is the typical situation 
in quantum physics, as it is relevant for the representions 
of both nonclassical states by coherent ones [TH QI5] and 
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entangled states by factorized ones [10]). Let us consider 
a classical operation, which may have the following form, 

A(p) = A P A\ with A\c) = a(c)\f(c)), (22) 

with a function \f(c)) £ Co and a complex function o(c). 
This operation is a classical one, 

A( 7 ) = f dP cl (c)A\c){c\Ai 



= / dP d (cMc)\ 2 \f(c))(f(c)\, (23) 

JCo 

which is (neglecting normalization) again a statistical 
mixture of pure classical states. 

Now we want to analyze a pure nonclassical state, 
which may be written as 



(24) 



fe=i 



with |cfe) G Co. This state is a superposition of r classical 
states. The classical operator A acts like 



A\ip) =J2i } ka(c k )\f(c k )), 



(25) 



k=l 



It is important that A can only decrease the number r, for 
example in the case a(c k ) = for some k, or for /(c^) = 
/(cfe'). We have to be careful, due to the fact that the 
decomposition of \ip) in terms of elements of Co might be 
ambiguous. Therefore let us call the minimal number of 
classical states, which are needed in a superposition to 
obtain \tp), as r(tjj), 



r(ip) — inf < r : \ip) — tp, 



k\Ck) 



(26) 



k=l 



Obviously this number is 1, iff the state is an element 
of Co, and greater than one for a nonclassical pure state. 
Moreover, this number can only decrease under the ac- 
tion of classical operations A. 

Now let us consider a mixed state p. Again this state 
can be written in many ways as a convex combination of 
pure states, 



P = ^2Pi\^i)(ipi 



(27) 



with pi > and YliPi = 1- I n this case p(p) can be con- 
structed in the following form. In a particular decomposi- 
tion given in Eq. ( |27[ ) the largest number of superposition 
of a pure state \ipi) can be found as sup i {r(V'i)}- Under 
all decompositions of p, the desired one is that with a 
minimum of needed superpositions. Thus, p(p) is given 
by 

p{p) = inf J sup{r(^)} : P = J^PiMXlM \ ~ L (28) 



This number is 0, iff the mixed state is classical and 
greater than zero for nonclassical states. The number 
can become infinity, if no finite number of superpositions 
yields the given state. For convenience, it is possible to 
map p(p) together with a monotonically increasing func- 
tion / to values between zero and one, e.g. 



f(p(p)) = - arctan(^(p)) £ [0, 1] 

7T 



(29) 



It is worth to note, that all classical operations A 
can be written in the form of operator-sum decompo- 
sitions [3T], also called Krauss operators, 



A(p) = "£A iP Al 



(30) 



with Ai in the form given above. This means that in 
addition to the operations considered above, we have 
mixtures of such operations. Further on, it follows that 
all classical operations A in the form of Eq. ( 30 ) fulfill 
the condition p(p) > /i(A( ( o)). Thus, this number p,{p) 
is found to be an example of a nonclassicality measure, 
which relies on the fundamental quantum superposition 
principle. In the case of coherent states it counts the 
minimal number of nonclassical superpositions of (clas- 
sical) coherent states needed to generate the state un- 
der study. In the case of entanglement it represents the 
Schmidt number [16] . 



VI. SUMMARY AND CONCLUSIONS 

In conclusion, we have considered the quantification 
of arbitrary kinds of nonclassical properties. We have 
shown that topological distances, in general, lead to an 
ambiguous quantification of nonclassicality. The prop- 
erties of the chosen distance can have a dominant influ- 
ence on the - in this way quantified - amount of non- 
classicality of a give state. Thus missleading associations 
can occur when comparing the nonclassicality of different 
quantum states. Often the quantification is ambiguous 
and it strongly depends on the definition of the used dis- 
tance. The origin of such problems lies in the fact that 
the nature of nonclassicality is an algebraic rather than a 
topological one: the classical combinations of pure clas- 
sical states are typically convex subsets of all quantum 
states. 

Based on the conservation of the classical property un- 
der mixing, we have defined a general ordering method. 
We have tested this method by proving that all classical 
states exhibit both the same and the minimal amount 
of nonclassicality. For handling classical aspects, such as 
some types of losses, we have considered classical state 
transformations. We have shown that these transforma- 
tions can be used to generalize our ordering procedure. 
By quantifying this order, we have obtained nonclassical- 
ity measures in a natural way. 
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The method has been applied to a typical example in 
quantum physics. Our conclusion is that the number (mi- 
nus one) of superpositions of classical pure states needed 
to generate the quantum state under study represents 
a nonclassicality measure of the type we are interested 
in. For this measure misleading properties, such as those 
depending on the chosen definition of some topological 
distance, do not occur. It reflects the quantum nature 
of nonclassical states via the fundamental superposition 
principle and it accounts for the classical mixing proper- 
ties of quantum states. 
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Appendix A: Norms 

Let us recall some facts about norms of a vector space 
V. Here and in the following x, y, and z denote arbitrary 



elements of V. The function || • || denotes a norm on V. 

The p-Norm |j • || p (for p > 1) of an element x = 
(x\, . . . , xn) T of a vector space is defined by 



for p ->• oo, || • ||oo is given by 

IMloo = max \x p \. (A2) 

i=l,...,N 

Note that these norms can be generalized to continuous 
variable systems. 

Let A be an invertable, linear map. If || • || is a norm, 
then ||A(-)|| is a norm. 

Proof ||A(-)|| is definite, ||A(x)|| = A(x) = <=> 
x = 0. ||A(-)|| is homogeneous, ||A(/xx)|| = ||/iA(x)| = 
|/x|||A(x)||. ||A(-)|| satisfies the triangle inequality, ||A(x + 
y)\\ = \\A(x)+A(y)\\ < ||A(x)|| + ||A(y)||. ||A(-)|| isanorm. 
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